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SUMMARY 
This report presents the significant results from a mathematical 
study of the subsidence in the Long Beach area. The work, begun in 
December 1949 at the request of Mr. M.D. Hughes , Chief Petroleum 
Engineer, the Petroleum Division of the Long Beach Harbor Department, 
has been in progress for two years. During this period a large volume 
l 
of physical data pertim.ent to the subsidence phenomena has been made 
available and analyzed. Additional tests suggested by the mathematical 
analysis have been instigated by the Petroleum Division so that a well 
integrated program of research has been brought to bear upon this problem. 
The important results of the mathematical study are contained in 
the five sections of the main body of the report. They are summarized here 
to emphasize the points of greatest interest. 
The Introduction lists the phys i cal data available for the analysis 
including the subsidence measurements, the geological structure and the 
oil pumping time history. To provide a method of identifying all points in 
the subsidence bowl, a coordinate system has been established which is 
shown in Figure 1. 
The next section, The Mathematical Model, discusses the basis 
for choosing a three dimensional semi-infinite, uniform, isotropic elastic 
medium for the model. This study has resulted in the development of a 
new computing technique whereby solutions can be obtained for the motions 
and stresses developed in such a medium under the action of perfectly 
general distributions of subsurface disturbance forces designated as 
"tension centers" and "vertical pincers ~·~ New analytical formulae 
were derived for single sets of these symmetrical disturbance forces. 
The derivations are given in Appendix I and the equations are summarized 
in Figures 3 and 4 . General solutions to these equations are contained in 
Figures 5 through 9. The machine computing technique developed for in-
tegrating general distributions of such disturbance forces, to represent 
actual conditions in the subsidence area, is discussed in Appendix II . 
In the third section, Use of Models to Fit Surface Motion, are 
described preliminary studies on the properties of solutions using 
arbitrary distributions of disturbance forces to fit the measured surface 
motion. Here it is pointed out that many soL.~ tions could be found which 
would provide a perfect fit to the v e r tical motion at only one plane , such 
as the surface. The validity of any one model solution must be determined 
from the accuracy with which it a l so fits other parts of the motion and 
such stress conditions as can be determined. The ''vertical pincers ' ' 
model was developed to satisfy some of the concepts of Prof. Grant who 
envisioned the phenomena as subsidence of an elastic plate through the 
compaction of the underlying oil bearing sands which were considered by 
him as incapable of supporting shear stress. The manner in which 
distributions of the two types of forces , as chosen to accurately fit the 
vertical surface motion, also fit the horizontal surface motion, vertical 
motion at the bottom of the overburden and the conditions of shear failure s 
in certain limited regions is studied in detail. It is found that in this 
respect the ''tension center'' mode l fit s all such data to the accuracy with 
which they can be measured while th~ " vertical pincers " model fits none 
of them. The more important res u lts of thi s a!'e contained in Figures 15 
through 20 which lead to the conclus i o n that only the "tension center" model 
should be given further consideratio.n . 
In this phase of the study the need for obtaining data on average 
elastic parameter~ for the earth and soil shear resistances was emphasized 
and such data were obtained from a core sample test program set up by the 
Petroleum Division. 
To provide a final method of testing the model and ·a basis for 
predicting future conditions from a knowledge of proposed future oil pumping 
schedules, it is essential to be abl e to determine a proper distribution of 
the disturbance forces from a knowledge of the conditions in the oil sands. 
This is discussed in the section Direct Calculations from the Pressure Drop 
in the Oil Bearing Sands . The only comprehensive data so far available on 
oil sand conditions are their location, thickness and the oil pressure drop 
time history. A method of directly converting the distribution throughout 
the region of the product of the oil sand thickness and oil well pressure 
drops ( ll PxT) into an appropri ate distribution of "tension centers" is 
derived in Appendix II and used in thi s section for a general study of results 
for the years 1945 through 1951. Many calculations were made ct numerous 
points throughout the bowl of subs idenz e ·;vith the very significant results 
summarized in Figures 25 through 2 8 . Here it is seen that actual subsi-
dence is related to the supposed source of the subsidence, by an essentially 
si:~:gle valued function. Although there i s a non-linear relationship whose 
source is not yet adequately established, a reasonable method of directly 
calculating expected motions and stresses from a given (LlPxT) distribution 
is thereby provided. 
The remarkable correlation (as shown in Figures 29 through 38) 
between the actual subsidence measurements so far made and those calcu-
lated from the respective ( tl PxT) distributions leaves little doubt but that 
the extraction of oil is the major c a u se o f the subs i dence . 
This phase of the program is subject to further study which requires 
certain additional physical data . l n lieu of this the method has been te·-<latively 
used to investigate the expected results from certain proposed future pumping 
schedules in the last section of the report, Study of the Effects of Future 
Pumping Schedules . These mclude poss ible additional well shear failures 
and excessive surface s t ress cond1tions w h i c h might develop as early as 
1951 and 1952 and the gene r al r esults to be expected f:rom two proposed 
ultimate pumping schedules . A complete and concise summary of these 
results is contained in Figures 39 through 66 for expecte d vertical and 
horizontal surface motion, horizontal shear stresses and their expected 
consequences. Examination of F i gures 55 through 66 shows that by 1951 
and 1952 danger areas are developi ng to the northeast along the minor 
axis where well shear failures can b e expected . This has now been confirmed 
by actual failures in this reg ion. The proposed ultimate pumping schedules 
indicate a marked extension of the se danger areas to the southeast where 
a serious problem o f well fa ilure and surfac e stress conditions is ind i cated. 
The ability to correlate such a comprehensive mathematical analysis 
with the important physical m e asurements being conducted by the Ha r bor 
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Department has opened up many new conc epts of the subsidence problem. 
Certain of these are as yet incompl ete and not fully understood. Rlrther 
physical data must be obtained and c orrelated with mathematical studies . 
In this connection it is considered particularly important to pursue the 
following types of phys i cal studi es . 
( 1) The vertical surface motion m e asurements should, of course , 
be continued and correlated with the model calculations . 
(2) It is of particular import anc e to make every practical effort 
to obtain more accurate horizontal s u rface motion measurements to pro-
vide further verification of the mathematical model. 
(3) A continuation of the " collar count" measurements would 
also provide further checks on the model through the oil bearing sand 
compaction data which it provides . In this connection it is important to 
conduct a thorough mathematical inves tigation of the effect of the lower 
terminal zone . 
( 4) More data are needed on th~ physical properties of the over 
burden including its elastic parameters and horizontal shear resistances . 
( 5) Similar data are requ ired on the oil bearing sands for which 
very little is now known. 
It is only thrdugh a determined effort to thoroughly correlate 
such physical measurements with t he mathematical model that the re-
liability of such a method for predictin g fu ture events can be determined. 
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INTRODUCTION 
In December 1949, at the request of Mr . Hughes, an initial study 
was ,instigated to determine whether or not it would be feasible to set up a 
practical method of mathematical analysis as an additional approach to the 
study of the subsidence problem and its related effects. At that time it was 
not known what degree of complexity was required for the mathematical 
treatment in order to produce meaningful results. It was not clear whether 
sufficient data were available on the motion in the subsidence area and on 
the physical properties of the soil in regions of importance. Other questions 
to be answered pertained to the type of information that might be gained 
from such analyses . Would the calculations be limited to surface motions. 
only or could a method of solution be developed which would permit calcu-
lation of the subsurface motions and stresses? 
The subsidence constitutes a serious problem for three reasons . 
Vertical subsidence at the surface is lowering large areas to an elevation 
well below the mean high tide level ; thus requiring diking and rendering 
uncertain the proper elevation for the .harbor docks. Horizontal surface 
motion gives rise to stresses and in some cases failures of such surface 
structures as pipelines, railroads, and building foundations . Internal soil 
shear stresses have resulted in failure or local slippage along horizontal 
planes which renders existing oil wells inoperative. Thus the physical data 
of greatest interest are the surface motion (both horizontal and vertical} 
and the horizontal shear stresses within the earth. Since some approximate 
data exists on compaction in the oil bearing sands , subsurface vertical 
motion is also of interest, 
The information initially available for this study consisted of the 
following: 
( 1) Detailed measurements of the vertical surface subsidence from 1945 to 
the present. Since the subsidence has become a serious problem, very 
comprehensive surveys to measure surface motion have been initiated. It 
is unfortunate but to be expected that few accurate bench marks would be 
available that antedate the subsidence . As a result of this, the recent data 
is most accurate with respect to differential motion rather than total motion. 
Nevertheless, great care had been taken to provilie the best estimates of 
total subsidence over the entire region for the years 1945, 1947, 1949 and 
subsequently for 1950 and 1951 . 
(2} Horizontal motion data for a very limited number of points . This 
number is unfortunately so small that it is impossible to form a complete 
picture of motion in the entire subsidence region. 
(3) Detailed information on the general character of the geological structure 
of the region involved; the location and dimensions of the oil bearing strata 
being pumped; the location of all natural faults and recent local faults directly 
attributable to the s ubsidence . 
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{4) Oil well collar counting studies have provided important informatlon 
regarding subsurface compaction. These studies involve systematic measure-
ments of the lengths of pipe sections by means of electromagnetic instruments 
lowered into wells on the end of a cable. If the pipe has been ••seized•• by 
the soil, compaction of the surrounding earth results in compress1on of the 
pipe . Inasmuch as the pipe will resist compression, and may be i mperfectly 
bound to the soil, these measurements indicate lower limits for the actual 
soil compaction. It is possible that the compaction exceeds the amount 
indicated by these studies. In any case these studies have shown conclusively 
that substantial compaction has taken place in certain oil-bearing sands, and 
that very little can be observed elsewhere. 
{ 5) The time history of the pressure drops in the oil-producing zones with 
the progressing pumping schedule gave some promise of providing the 
additional information required for directly calculating the magnitude of 
the subsidence phenomena from the supposed source producing the dis -
turbance forces . 
No data were initially ava1lable on the physical properties of the 
subsoils. The magnitudes of the necessary soil parameters required for 
direct numerical calculations of actual motions and stresses to be expected 
from given disturbance forces were not known. It was thus apparent that 
the initial analytical studies would have to consist of a series of trial fits 
to the measured surface motions for a range of assumed physical properti es 
of the subsoil and some arbitrarily chosen disturbance forces. 
DESCRIPTION OF THE SUBSIDENCE REGION 
To provide an accurate basis for correlating all calculations with 
the physical measurements in the subsidence area, the coordinate system 
shown in Fig. 1 was established. This figure shows a coordinate , or grid 
system superimposed on a map of the subsidence area. Since the sub-
sidence has a form approximating an ellipse 1t was natural to estabhsh 
the coord1nate system with its origin at the center of subsidence and the 
two coordinate axes along the major and minor axes of the ellipse. As 
shown in Fig . 1, the coordinates have been marked off i n 1000 foot gnds 
with distances parallel to the minor axis desi gnated by the coordinate (a) 
and those parallel to the major axis by the coordinate (b) . Pos1t1ve (a) 
is to the northeast and positive (b) to the northwest. Thus a point located 
4000 feet northeast (parallel to the minor axis) and 6000 feet southeast 
{parallel to the major axis) would be defined as the point (a = +4 , b = - 6) 
on the grid. 
Also shown in Fig. 1 are the locations of the wells from which 
core samples were taken for the tests made by Prof. Converse and wh1ch 
will be discussed later. 
Th1s coordinate system serves to locate all points on any horizontal 
plane . The two planes of greatest interest are the surface (where it is de-
sired to define the surface verhcal and horizontal motions) and an arbitrary 
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plane in the central region of the oil bearing sands which will be used for 
defining the location of the analytical 11 disturbance forces 11 used in the 
calculations and the data pertinent to the oil bearing z;ones which must be 
correlated with them. As will be discussed later, the coordinate grid is 
also used to locate the points at which the horizontal shear calculations 
have been made at various depths below the surface together with such 
related measurements as were obtained from the core sample tests and to 
locate the observed failures resulting from the actual stresses. 
LOCATION OF THE OIL BEARING SANDS 
Fig. 2 shows a cross -section of the geological structure as taken 
along the minor axis 6f Fig . 1. This single profile is sufficiently typical 
to describe the important features pertinent to the development of a 
mathematical model. The principle oil bearing sands involved in the 
pumping schedule lie in the Tar, Ranger, Upper Terminal and Lower 
Terminal Zones shown in this figure . From the well collar counting 
measurements which have been conducted it has been ascertained that 
practically all of the compaction associated with the subsic.ence has 
occurred in the Tar, Ranger, and Upper Terminal Zones. This indicates 
that the primary source of the disturbance centers in these three zones 
although some very small compaction is indicated in the Lower Terminal 
Zone. For this reason it was considered desirable to study the two 
general regions separately and to first concentrate on calculations which 
would assume the upper three zones as the source of the disturbance. 
Referring to Fig. 2 it is therefore seen that the compaction is occurring 
in a region whose vertical dimension is about 1200-1400 feet centered 
at a depth of about 3000 feet. Within this region the actual thickness of the 
oil bearing sands amounts to a total maximum of about 600 feet near the 
center of subsidence and tapers off in all directions from the center . 
Approximate thickness of the oil bearing sands is given in Table I. 
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THE MATHEMATICAL MODEL 
The computation of earth motion due to known forces is very 
difficult for two principal reasons, the boundary conditions are difficult 
to handle mathematically and the earth does not behave precisely like 
an elastic medium. A further difficulty is encountered when motion over 
a physically large region is involved, for in addition lack of uniformity 
is encountered. This lack of uniformity arises in some cases because 
of the existence of strata with different composition, and also because 
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the properties of a given material vary with the consolidation pressure 
which in turn increases with depth. The most serious of these difficulties 
is the failure of the earth to behave like an elastic material, for this 
failure defies accurate analytical description. 
Extensive consideration was given to the expected physical 
properties of the soil both by the authors alone and in consultation with 
engineers of the Long Beach Harbor Department and with various soil 
mechanics and applied mechanics experts including Professors Frankel, 
Hausner, Hudson, Converse and MacNeal. This led to the definite con-
clusion that the only physical model which could logically describe the 
general properties of the soil and be amenable to mathematical solution 
was one of an elastic material of semi- infinite extent (i.e. extending 
from the earth 1 s surface downward). Although in fine detail the soil 
is very heterogeneous with adjacent strata of widely differing structure, 
the soil properties in the region involved appeared remarkably uniform 
in gross character with at least no evidence of significant variation 
with horizontal location. 
This coupled with the general lack of knowledge about the soil 
mechanics of this particular region led to the conclusion that the mathe-
matical model should be based upon a uniform isotropic elastic medium 
of semi-infinite extent. The additional idealization implied above is that 
the elastic properties of the earth do not va"iy with depth. It is possible 
that this simplification can be avoided, but it is certain that the solution 
to the problem would be much more difficult. Even for the uniform case, 
solutions could not be found in the literature. 
The calculations to be presented are also based upon the assump-
tion that in some way the removal of oil from the deep-lying strata gives 
rise to internal stresses which are responsible for the motion of the 
surrounding earth. As can be seen in Fig. 2, these strata lie so deep 
with respect to the extent of the oil-bearing area that one probably cannot 
regard the problem as the "slumping" of a thin cover plate as material 
is removed from below. It is reasonable to expect that only a complete 
3-dimensional analysis can give results which fit the observed facts. 
Previous and important work by Carrillo in connection with the investi-
gation of the subsidence by the Stanford Research Institute 1 had led to 
the development of an analytical solution for the surface motion of a 
uniform, isotropic, semi-infinite elastic medium under the action of a 
l See list at the end of the text for all numbered references. 
aimple symmetric set of subsurface forces known as a "Tension Center" 
or "Tension Sphere". This therefore formed a starting point for setting 
up a mathematical procedure wh1ch has now been greatly expanded to the 
calculati on of soil surface and subsurface motions and stresses for not 
only a variety of such simple symmetrical sets of subsurface forces, but 
also for a perfectly general distribution of such sub-surface forces as may 
be required to adequately simulate the actual effects of the oil pumping 
program. 
Only two models for the internal d i sturbance field have been 
extensively investigated. One i s of c ourse Carrillo ' s "Tension Center" 
discussed above . It consists in detail of a spherical region over whkh 
the outward pressure is reduced {by vi rtue of the oil removal) . Mathe-
matically speaking , one assumes a spherical boundary over whi ch a 
uniform tension acts . The secon d model consists of a pair of equal 
vertical pressures acti ng in opposite d1recti ons a short distance apart. 
For mathematical conveni ence, two c olinear opposite forces are postu-
lated an i n£in1tesimal dis t ance apart, but the product of force times 
separation distance is kep: finite . Thi s system of forces has been 
appropriately called a "vertical p i ncer" . Diagrams of these two systems 
are shown i n F i gures 3 and 4 . 
SYMBOLS FOR MATHEMATICAL TREATMENT 
As shown in these figures . a consistent set of symbols is used 
throughout this report to I epresent motion and stress within the earth. 
Vertical mohon (subsidence) 1s denoted by the symbol {w) . If th1s moti on 
is at the surface {z = 0) , a subscript "zero" is added {w0 ) . Horizontal 
moti on is represented by the symbol (u) , and (u0 ) denotes motion at the 
surface. Generally speaking the symbol for shear stress (7') should 
employ two subscripts to denote the mclination and direction, but since 
the horizontal shear stress is the only one of i nterest , a s ingle subscnpt 
to indicate d1recti on is used when dll"ectiou 1s specified. The depth of 
the disturbance force i s des ignated by (h). 
THE SUBSIDENCE EQUATIONS 
In the development of the subs~dence equatlons attention was 
focussed on vertical and hori zontal motion and horizontal shear stress, 
since as was discussed earlier . these were the pr:l nciple quanti tles of 
interest. The detailed derivation of the equations i s given in Appendix I. 
It is sufficient to remark here that all equati ons were derived by two com-
pletely different methods to insure their correctness. Only one of these 
methods is used in the appendix although the other is briefly described. 
The equations a re rather long and a re not reproduced here but are 
summarized i n Figures 3 and 4 . 
A complete picture of the nature of the solutions is given 1n 
Figs. 5 through 9 . In the first of these is shown the manner in which 
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vertical and horizontal surface motion varies with distance from the 
tension center location. Fig. 7 shows the vertical motion at several 
depths below the surface. The horizontal shear stress for a tens.ion 
center is shown in Fig. 8, again for several depths below the surface. 
It will be noted that the maximum stress increases steadily as depth 
increases, and that the point of maximum stress becomes closer to the 
vertical line above the tension center . Similar ~esults for the vertical 
pincer are shown in Figs . 6 and 9. 
PHYSICAL CONCEPTS 
It is important to give more consideration to the physical con-
cepts implied by the different mathematical models. One of the first 
points to observe is that a somewhat unrealistic model for disturbance 
forces may give useful results . If the oil-bearing region proved to be 
indescribable by equations of elasticity, a model which fits the facts just 
above the oil-bearing sands and at the surface can still be used for 
computations of condition~ above the oil-bearing region, even though 
similar calculations for conditions within the oil-bearing regions may 
be me,aningless. On the other hand it would be highly desirable, if 
possible, to use a model in which the disturbance forces can be correlated 
with the physical data in the oil-~earing sands . 
. The physical model which seems intuitively to be most plausible 
is the tension center. It is true that in this subsidence problem, the 
disturbance forces are confined to realively thin strata of large extent, 
shapes which do not seem similar to the spherical regions used for the 
tension center model. Nevertheless, such regions can be filled with closely 
packed tension centers of varying sizes so that one can in the limit obtain 
a model for such horizontal strata. The mathematical details of this 
procedure are contained in Appendix II. It is important to realize that one 
can devise a system of tension centers to represent the effect of pres sure 
reduction in any number of strata. 
When the effects of several tension centers are superimposed, 
it is tacitly assumed that in spite of the pressure reduction in one region, 
this regien behaves as an e las tic material with respect to motion and 
stresses induced by a pressure reduction in another region. This permits 
superposition of the effects of a large numbel' of centers . Were it not for 
this assumption, the integration o~ superposition could not be accomplished. 
Another model which other invest~&ators had suggested was one in 
which the oil bearing sands were incapable 'of supporting shear stresses, thus . 
giving in effect a thick pla.te supported by a plastic medium. Although for 
several reasons this model does not seem plausible, it was felt that the 
actual behavior might lie between that of such a system and the tension 
center model. Since such a "thick plate" model cannot be descri bed 
mathematically by · a 3-dimensional semi-infinite elastic model, the c omputing 
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technique developed in this report did not seem to be applicable. As 
another kind of approximation, the vertical pincer model was established. 
This is a model in which the shear stress reaches a maximum at a certain 
depth and then decreases, giving just above the disturbance level, a 
shear stress practically zero. Although calculations in the disturbance 
region might be less meaningful, it was felt that calculations above this 
level would be a very good approximation to the desired model. 
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USE OF MODELS TO FIT SURFACE MOTION 
The initial uses of the mathematical model consisted of studies 
to determine the accuracy with which the surface motion could be fitted 
by arbitrary distributions of disturbance forces. 
CALCULATIONS EMPLOYING A FEW TENSION CENTERS 
The first calculations were made to determine what correlation 
could be obtained between a mathematical model and the measured sur-
face motion when only a few tension centers are used to represent the 
disturbance stresses being developed beneath the surface. Carrillo had 
concluded from his preliminary calculations that a single tension center 
placed at a depth of about 6000 feet would give a good fit to the observed 
subsidence as measured along the major axis (Fig. 1). He also believed 
that three equally spaced and equally weighted tension centers could be 
placed at a depth of 3000 feet (the center of the compacting region) in 
such a way as to give a good fit to the observed surface subsidence along 
the major axis and a reasonable fit along the minor axis. 
The total recorded surface motion of February, 1949 was chosen 
for studying such factors as these. The results of the first calculations 
are summarized in Figures 10 through 14. It was first verified that the 
best fit to the major axis subsidence to be made with a single tension 
center required placing it at a depth of about 6000 feet. The calculations 
for this condition are compared to the actual vertical subsidence in Fig. 
10. It can be seen in this figure that more symmetry exists in the 
actual subsidence across the major axis than across the minor axis. Use 
of a tension center strength that produces the proper subsidence at the 
center provides a very good fit to the northwest but drops off too fast to 
the southeast. Referring to the minor axis data of Fig. 10 the calculated 
bowl is seen to be much too broad particularly to the southwest. 
In Fig. 11 are shown a portion of the calculations made in an 
attempt to fit the shape of the actual subsidence profile along the major 
axis with three equal tension centers placed at a depth of 3000 feet with 
equal weighting and spacings . It was found that such a combination could 
not be placed at this depth and give a good fit along the major axis. As 
shown by Case I of Fig. ll , if they are grouped to fit the region around 
the center of subsidence much too narrow a bowl of subsidence results. 
If as in Case II the tension centers are spread farther apart the bowl be-
comes too broad in the region about the center long before a good fit is 
obtained near the outer edges. 
Finally, after trying numerous combinations it was found that 
a good fit to the major axis profile could not be obtained without a ro.w 
of about seven tension centers of unequal weighting and spacing as shown 
in Fig. 12. However, for such a single row of centers , the subsidence 
bowl is too narrow in the direction of the minor axis. This is illustrated 
in Fig . 13. The profile of actual subsidence along the two sides of the 
minor axis is unsymmetrical and thus (as indicated by Case II of Fig . 13) 
the use of two or three rows of seven tension centers is indicated. For 
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these the spacings between tension c enters i s the same for all rows and 
the relative we i ghting factors the same for all rows. Such a model gives 
a reasonably good fit to all parts of the bowl of subsidence. · 
HORIZONTAL SURFACE MOTION 
It should be emphasized that a precise fit to a given bowl of 
vertical subsidence can be obtained with an infinite number of types of 
disturbance forces if given a suitable distribution within such a semi-
infinite elastic model as is bei ng con sidered here . The unique solution 
cannot be established until it has been made to fit more than just the 
vertical motion at a single surfac e . Two other sets of measured motions 
are available for comparison with the model solutions . One of these is 
the direction and magnitude of the horizontal surface motion ( u 0 ). The 
other is the vertical motion at the top of the tar zone as indicated by the 
collar counting study. In the case of the former very little accurate data 
are available and in the latter the data arp all very approximate. However, 
com.parison of observed and calculated motion for both of these cases is 
very important. 
Fig . 14 shows the hori zontal surfac e motion calculations as made 
with single rows of both five and seven tension centers or Cases I and II 
of Fig. 12. These are compared w ith those available measured values of 
1949 which seemed meaningful. In making the ( w 0 ) or vertical motion 
calculations of Figures 10 through 13 , the rat io of the parameter C/G 
(see Figures 3 and 5) was arbitrarily adjusted to fit the maximum sub-
sidence at the center. However , it i s important to note that this same 
ratio was then used for the (u0 ) or horizontal surface motion calculations. 
Thus the magnitude of the calculated curves in Fig . 14 have not just been 
arbitrarily fitted to the measured data . The check is remarkably good. 
This comparison will be discussed later in more detail. 
DEVELOPMENT OF THE COMPUTING TECHNIQUE FOR A GENERAL 
FINE DISTRIBUTION.OF DISTURBANCE FORCES. 
The calculations d 1scu ssed above have thus demonstrated that 
if lt is only desi red to fit the surface motion, three parallel rows , of 
seven tension centers each, will give a remarkably close fit to both the 
vertical and horizontal motion as measure!i for February, 1949. However, 
the request was next made that cons ide r ation be g iven to the nature of the 
horizontal shear stresses resulting from such a model. It was at this time 
that the basic calculations of Fig. 8 w ere made giving the shear stresse e: 
at different depths for a single tension center. These immediately showed 
that a much finer distribution of tension centers must be assumed if 
accurate solutions are to be obtained for the shear stresses at depths 
below five or six hundred feet . Th.: s can be seen f rom the fact that the 
curves of F i g . 8 reach a maximum for val ues of r/h of 0.3 or less for 
values of z/h greateT than 0 .4 . The peak values are also large compared 
to those for which r/h differs by only a few tenths . Thus to accurately 
c a lculate shear stress for ratios of z/h as high as 0.6 it is necessary to 
represent the t ension distribution at intervals not greater than about 600 
feet. T his value was used for some o.f the preliminary shear calculations 
but a fixed int erval of 500 feet ·was soon c hosen for all subsequent cal-
cul ations . The machine numerical integ r ating technique was then developed 
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so that the motions and stresses could be computed for a perfectly arbitrary 
distnbution of tension stress in the 011 bearing region. 
In the case of tension center theory, the technique of making this 
more general and much more complex calculation employs the basic solutions 
of Figs. 3 and 5 for a single tension c£.nter . An arbitrary distnbution of such 
tension centers over the entire region beneath the subsidence bowl requires 
the integration of the effect of the loading on each differential element of area 
in the disturbance force region to obtain the total value of motion or stress 
at one given point in the elastic medium or on the surface . In the cases of 
the horizontal motion or horizontal stress this problem 1s m~de even more 
difficult by the fact that they are vectors and each component parallel to the 
maJor and minor axes respectively must be individually calculated by this 
procedure and then combined into a single vector . This is discussed more 
completely in Appendix II. 
CONSIDERATION OF OTHER POSSIBLE TYPES OF DISTURBANCE FORCES 
It was at about this time in the course of the investigation that the 
question was raised by U . S. Grant regarding the validity of the tension cen-
ter type of model as compared to the elastic plate model which he favored 
but for which he could obtain no mathematical solution. One of his reasons 
for suggesting such a model centered about the fact that most· of the shear 
failures so far observed m the wells occurred at a depth of about 1500 feet 
or about halfway between the ' surface and the top of the bil bearmg SL:m.ds . 
He assumed that the shear failures were the result of maximum stresses 
developed in this region through the existence of a neutral axis and that the 
earth above the 01l bearing region (the over burden) must be moving in a 
manner similar to a plate with little or no lateral constraint at its lower 
surface (the top of the oil bearing region} . Thus not only must the shear 
stresses be zero at the top surface but nearly so also at tlii s lower surface 
with maximum stresses developing somewhere between. Thin plate theory 
provides a neutral axis near the center of the plate with max1mum shear 
stresses thus developing at th.e middle . Grant assurped a similar situation 
to be. accounting for the well failures at the medium depth of 1500 feet. No 
consideration was given by him to the fact that variations in the shear re-
sistance (or strength) of the earth might be a c ontributing factor . Converse's 
core samphng study has provided perti nent data relative to this latter point 
which will be discussed later. 
There is, however, one important characteristic of such a plate 
which is hard to reconcile with actual conditions . Unless the underlying 
~edium i s very plastic and free flowing so that it can flow around the well 
casings, relative motion between the overburden and underlying medium 
should still cause well casing failures. It is knov;nthat the oil bearing sands 
do not have this property to a suffic1ent extent to prevent such failures if the 
two media were not constrained laterally at their bounding surfaces . The o1l 
bearing sands actually grip casings to a sufficient extent that they can be 
compressed far beyond the yield point without buckhng . So far there has been 
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no evidence of relative motion at the bottom of the over burden. To date all 
well failures of this sort have occurred above about 1800 feet with one ex-
ception in which failure at 2i:300 feet occurred along a natural fault. 
It was requested that consideration be given to developing a model 
amenable to mathematical calculation which would provide the i mportant 
properties sought by Grant in his plate theory together with the above con-
dition of absence of relative motion between the over burden and the top of 
the oil bearing sands. With this in mind, the concept of the vertical pincer 
was developed and the general solutions of Figures 3 and 6 derived. It 
cannot readily be seen from these basic equations that this model (when used 
to fit the subsidence with a distributi on of disturbance functions) satisfies 
the two impo.rtant conditions of provi ding a region of maximum horizontal 
shear stress near the middle of the over burden and very small stress and 
no relative motion at the bottom of the over burden. It will, however, be-
come apparent when solutions to actual cases are considered later. 
CALCULATIONS WITH GENERAL DISTRIBUTIONS OF TENSION CENTERS 
AND VERTICAL PINCERS 
Having developed a machine computing technique adequate to handle 
general distributions of both types of d i sturbance functions, it was c.ons i dered 
desirable to make comparable calculations with each model. The 1949 case 
was again used for this purpose . By a trial and error process the necessary 
shapes were determined for both the tens i on center distribution and the 
vertical pincers distribution in order to provide a very good fit to the actual 
vertical surface motion (w0 ). The profiles of these two disturbance force 
dist.ri.butions along both coordinate axes are given m Fig. 15. It will be 
noted that a much narrowe.r distr i bution of tension centers is required to fit 
the surface subsidence than for the case of the vertical pincers . The actual 
calculations for (w0 ) as obtained with the tension center distribution i s given 
i n F i g . 16 together with a calculati on of the expected subsidence at a depth 
of 2100 feet which represents the top of the oil bearing sand region. Although 
this shows a somewhat higher maximum subsidence at this depth than in-
d i cated by the collar count study , the difference of less than 3 feet lies w i thin 
the expected errors of the collar count measurements . 
The two sets of distributions described 1.n Fig . 15 were then used to 
calculate the horizontal surface motion. This motion along the two axes l.S 
given i n Fig. 17. As seen from this a good fit to the measured moti on is 
provided by the tension center distribution whereas the vertical pincers dis -
tri buti on gi ves values for the horizontal motion that are only about one-half 
the measured values. Considerati on of the physical properties of the two 
types of models leads to the general conclusion that this should be so . 
The next test of the two models pertained to the character of the 
hori zontal shear stresses which they produce . Figures 18 and 19 g i ve v alues 
for the shear stress at var i ous depths along the minor axis calculated for the 
tension center and vertical pincers d i stributions of Fig . 15 . For these 
calculati ons it was necessary to specify more than just the rati o ( C / G) as 
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us~d in equations 1 and 2 of Fig . 3 for the tension center case, and (M/G) 
as used 1n the equations for (w0 ) and (u0 ) of Fig . 4 for the vertical p i ncers 
cas e . Referring to the horizontal shear equations as given in these two 
figures, it is seen that C and M must be spec1fi.ed directly , and hence a value 
for G must be assumed. 
Considerations to be discussed later lead to the conclusion that an 
approximate value for the shear .modulus (G) could be specified. The value 
used for G 1n Figures 18 and 19 i s 100 , 000 psi. It is quite reasonable to 
assume a value of 0. 25 for Poissons ratio whi ch might vary between 0. 2 and 
0 . 4, since even the extreme values would have negligible effect upon the 
results. Thus the assumed value for G corresponds to 250,000 psi for 
Young's Modulus (E). The assumed value of G specifies C and M from the 
ratios of C/G and C/M used to fit the (w0 ) data. It can also be seen from 
the basic equations of Figures 3 and 4 that if some other value is mdicated 
for the shear. modulus of elasticity (G) the solutions of Figures 18 and 19 
should be adJusted by a factor directly proportional to the change in {G) if 
the model is to still fit the same magni tude of surface subsidence (w0 ) . 
Comparison of Figures 18 and 19 shows that the vertical pincers 
model indicates much lower shear stress than the tension center model. 
Figure 20 provides a further comparis.'on. Here the max1mum calculated 
stress at each depth is plotted as a functi on of depth. Since the maxima 
occur at a point on the southwest side of the 1ninor axis these data were 
taken directly from Figures 18 and 19. A peak horizontal shear stress of 
only 17 5 psi that occurs at a depth of 1500 feet is indicated by the vertical 
pincers model whereas the tension center model shows the shear stress to 
be continually increasing w1th depth . It is thus apparent that the vertical 
pincers model does proV1de a maximum shear stress near the center of the 
over burden and low shear stress at the bottom of the over burden 
COMPARISON BETWEEN CALCULATIONS AND CORE SAMPLE TESTS 
As mentioned previously, the mathematical analysis had been 
-started without direct informati on on the basic parameters necessary to 
mathematically describe the propert1es of both the over burden and the oil 
bearing sands . Most important of these is the shear modulus of elasticity 
(G) and Young's Modulus (E) . Data on shear strengths in the over burden 
are also important. The calculations were indicating definite required 
ranges for these parameters and it was extremely important to obtain 
information about them. 
Accordingly a program of core sample testing was instigated by Mr . 
Hughes with the results given by Professor Converse 1n two reports. 2 • 3 
The locations of the act~al wells from which the core samples were taken 
are shown in Figure l. This phase of the study =. s covered completely in 
the Converse reports and only data directly pertinent to the mathematical 
analysis w i ll be included here . Although more than one hundred core 
samples have been tested from six wells located in reg1ons of particular 
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interest, there are as yet admittedly insufficient data to adequately describe 
the complete area. However , the correlation between these measurements 
and the mathematical study is extremely important. 
Table II lists the shear modulus measurements together with the 
type of formation involved. These same data are plotted in Figure 21 as 
a function of the depth from which the sample was taken. A sim1lar list 
and plot of all of the shear resistance test data are given in Table III and 
Figure 22. The shear modulus of elasticity results a.re remarkably uniform 
with little aver~ge in<::: reas e w ith depth i ndicated for depths in excess of about 
1300 feet. For depths of less than a thousand feet values of from 20,000 to 
40, 000 psi are indicated while for depths greater than 1300 feet most values 
lie within the range between 80,000 and 120,000 psi. These data formed the 
basis fer the choice of 100, 000 psi as an average value fer G in the horizon-
tal shear calculations of Figures 18 , 19 and 20. 
It is evident that there is a most significant correlation between 
the calculated horizontal shear stresses and the measured shear resistances 
as summarized in Figures 20 and 22 respectively. Comparing these two 
figures it is seen that (if a mean v ::llue of 100,000 psi is assumed for G) the 
vertical pincers model produces shear stress too low to expect shear failure 
fr-om material of shear strength as descri bed by the data in Fig. 22. The 
tension center model on the other hand proVldes shear stresses lying 1n the 
regi on of most numerous values of shear strength and provides a variation 
with depth roughly parallehng that of the shear strength data. In this 
connection it must be remembered that the shear stress data of F1gure 20 
represents the maximum to be expected in 1949 and that th1s max1mum 
ex1s ts i n a small region on the southwest side of the mn10r axis. Th1s is 
the region in which the 1949 shear failures occured and such i.s predicted 
by thRee calculations with the tension center model. The tension center 
mode) thus indicates that the depth at which shear failures occur i s deter-
mined pr1marily by the variation cf shear res1stance rathe!' than in the 
variation of shear stress with depth as suggested by U. S . Grant. 
;TENSION CENTER MODEL PREFERABLE TO VERTICAL PINCERS MODEL 
From the above considerations it is seen that a tension center model 
distri buti on of disturbance forces which provides a good fit to the vertical 
surface subsidence also fits the observed horizontal surface motion and sub-
sidence at the top of the over burden to the accuracy of the measurements . 
This 1s not the case , however . for the vertical pincers model. When the 
best avallable estimate for an average value of the parameter (G) is used 
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the tension center model places the calculated horizontal shear stresses in 
just the right ~ange of magnitude to pl'edict shear failure 1n the hmited regions 
where they occurred whereas the vertical pincers model indicates shear 
stresses too low for shear failures . The conclusion is therefore drawn that 
the tension center model j s the only one of the two that should be considered 
further . 
~T CALCULATIONS FROM THE PRESSURE DROP 
IN THE OIL BEARING SANDS 
So far consideration has been given to the use of mathematical 
models for empirically fitting the observed surface motion. If the analyses 
are to be of use in determining future developments it is necessary to in-
corporate into the calculations a direct correlation between the magnitude 
of the tension center forces and the supposed major source of the distur-
bance (the removal of oil from the oil bearing sands) . The data available 
for this are the thickness and location of the oil bearing sands and the time 
history of the oil well pressure drops throughout the region. 
The conversion of such information into an appropriate distribution 
of "disturbance forces" is admittedly very uncerta1n, requiring basic 
assumptions on the physical properties of the oil beari ng sands for which 
there is as yet inadequate data. As an initial consideration the three upper 
zones have been considered as the total source of subsidence since practi-
cally all of the measured co.mpaction 1s occurring in these zones. As 
shown in .Table I these have a maximum total oil sand thickness of 600 feet 
with a mean depth of about 300b feet. The resulting 3000 feet of over 
burde.n, in the unstressed state, reqUlres about 5000 psi (at the top of 
the oil bearing sands) to support it. Before the oil removal was started 
the oil pressures were everywhere about 2500 psi and it can be assumed 
that the remainiM half of the support was provided by the compressive 
forces in the oil bearing sands . Although such a point of view 1s not 
completely rigorous, it gives an i dea of the orders of magnitude involved 
in this problem. 
The reduction of oil pressure by the removal of oil causes a 
redistribution of forces, part of the resulting pres sure drop being accounted 
for by added compression in the oil bearing sands as they compact an.d 
part by the added tensile forces developed i n the overburden as it subs1des. 
The disturbance forces effectively pulling down on the overburden may be 
cons i dered as the difference between the pressure drop and the increase 
in oil bearing sand compressive force . 
The horizontal distribution throughout the field of the product of 
the pressure drop ( A P) in pounds per square inch times the total oilsand 
thickness ( T) i n feet at the well location provides a distribution function 
over the oil held which can be converted to an equivalent distri bution of 
tension centers or other "disturbance forces'' if certain assumptions are 
made regarding the added force borne by the oil bearing sands i n this 
compaction. 
It was considered reasonable, as discussed previously, to assume 
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. the overburden to be elastic i n its gross behavior. Shear forces are being 
built up and maintained by the substdence . However, as an aid to deter-
mining one limit of the effect of the pressure drop in the oil bearing sands 
they might be assumed to be J. 'sti c and readily compressible upon the 
withdrawal of o i l. Thus the oil pressure drop is taken up completely by the 
overburden. The conversion of the ( A PxT) data to appropdate tension 
centers for this assumption i s given i n Appendix II. 
At the other el'-treme , a conservatively high value might be taken 
for the compressive modulus of the o il beanng sands . The calculations 
would then distribute the load between the oil sands and the overbu.rden. For 
this case a trial and error type of soluti on is required in whi ch a distribution 
of "disturbance forces" is first assumed and a calculation made of the 
vertical subs i dence at the top of the oil bearmg sands . From this the com-
paction and the resulti ng load borne by the oil sands can be determined . The 
compaction force d i stnbution over the area is then subtracted from the 
original assumed "disturbance force'' distri bution and the result should be 
the known oil pres sure drop distributlon. Such series of calculations must 
then ·be carried out for numerous cases until a reasonable fit j.s obtained to 
the known pres sure drop. 
Certain prehminary direct calculations of the types discussed above 
were made . These placed the average value of the shear modulus of elasti-
city (G) requtred for a fit of the observed subsidence rather low but of the 
same 0rder of magn1tude as tnch~.-ated by the core sample tests . It bee ame 
apparent , however, that certain additional work had to be done before 
such c o mplex calculatlons are justified on a large scale. The two most 
important of these are a comprehensive core sample study of the oil 
bearing sands and a general analysis to correlate the important character -
ishcs of the (A PxT) distribuhon with those of the developmg h •JJwl of 
subsi dence . The latter 1s a ma.thematical analysjs wh1ch could be made 
immedi ately and the following factors were cons1dered to be of particular 
importance. 
( 1) A compari son of the time h1story of the develop1.ng bowl of actual 
subsi.dence with that as d i rect ly calcul.ated from the time history of the 
(A Px T) d i s tr1bubon. 
(2) A comparison of the variations between actual subsidence and that 
ind1cated by the ( ..A PxT) distributions over all p~rts of the bowl and for 
each year . This is for the purpose of locating any reg1.ons of marked 
divergence that might result from li:lrge changes 1n the so1l propertles 
with locatjon. 
(3) A search for evidence of any 1mportant non -linear effects . 
GENERAL STUDY EMPLOYING THE_jA_ExT) DATA 
A study of th1s type 1nvolves a very large number of duect 
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subsidence calculations from the given (APxT) dlstributions. 
It is however practicable if a definite conversion from the (APxT) 
data to the tension center distribution is applied. For this purpose it was 
decided to directly convert all of the pressure drop into a disturbance force 
by the equations given in Appendix II. Here the volume distribution of the 
oil bearing sands with their corresponding per unit area pres sure drop are 
directly converted into an equivalent volume distribution of tension centers . 
The (APxT) data for the years 1945, 1947, 1949, 1950 and 1951 
were available for this purpose. Such information is shown in Tables IV 
through VIII as originally supplied by the Harbor Department. It was known 
by the Harbor Department when these tables were prepared that some of 
the data were uncertain since they could not be obtained directly from theu 
own records. After calculations had been made with the data and certain gross 
discrepancies appeared for the re;sions where the data were uncertain, the 
Harbor Department took additional steps to procure more accurate Information 
and supplied the revised (b.PxT) data of Tables XII through XV . Also com-
piled for analysis were tabulations of proposed (.6PxT) distributions for 
1952 and two possible ultimate pumping schedules . These are given in 
Tables IX, X, XI and XVI. 
Profiles of the actual surface subsidence for the years 1945 through 
1951 are summarized in Figures 23 and 24. These are taken from the contour 
plots of the bowls of measured total subsidence for each year . 
Using the data of Tables IV through VIII and the convers i on formulas 
of Appendix II, vertical surface subsidence values were calculated for each 
year for a large number of points throughout the bowl. The number was 
sufficient to accurately locate contours . A fixed average value for (G) of 
100,000 ps i was used for thi s purpose . A complete plot was then made for 
all locations of the calculated versus the measured subsidence . A small 
portion of these data (points on the two coordinate axes) are shown in Figures 
25 and 26. Here it will be noted that a g i ven symbol applies to one particular 
locati on and each of the points with that symbol corresponds to a different 
year . More points are not plotted here s ince it then becomes di fficult to 
Identify them and no new Information i s provided by doing so . 
It was observed from the complete plot of such points that they are 
all quite close to the single mean curve shown in the figures except for those 
locations directly to the northwest of the origin. Since this was the region In 
which the (APxT) information was questionable, the revised data were ob-
tained by the Harbor Department and the calculations repeated. A portion of 
these results are shown in F i gures 27 and 28 . It was then found that all points 
lay even closer generally to a single mean curve. The maximum deviation is 
about 25 percent with the majority of the points falling w l thin 10 percent of the 
curve. This applies to all points calculated and is a most s ignificant fact since 
i t shows that so far, regardless of location or time, there is an essentially 
single valued relationship between the calculated and measured results as 
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defined by the singl~ curve which is the same in both Figures 27 and 28. 
It is important to note the character of this curve. If it were a 
straight line a completely linear col-relation between calculations and 
measurements would be indicated. The results are not linear and for 
measured deflections in the region of six to ten feet, there i~ a marked 
increase in the ratio of measured to calculated subsidence regardless of 
location or time. There are several possible causes for this non-
linearity. All of them should be thoroughly studied and more information 
on the soil properties is required for this purpose. Some of the important 
non-linearities may be in the compacting oil sands, some may be in the 
over burden such as the known fact that the effective value for E is de-
creasing as the net compressive forces in certain portions of the over 
burden shift toward tensile stresses with the subsidence . Considerable 
thought has been given to this phase of the problem by the authors but 
the results are not yet well enough defined to present at this time. 
The important conclusions to be drawn from this analysis is that 
there is a direct correlation between the development of the bowl of sub-
sidence and the increase in the ( ,6PxT) distribution which is essentially 
independent of location throughout the bowl and time. Thus, there is no 
evidence of marked change in soil properties with horizontal location. If 
the non-linear character of the phenomena can be adequately specified in-
dependently of the empirical method used here which produced the average 
curve, future developments can be predicted with reasonable certainty. 
For the present the average curve given in Figures 27 aQd 28 must be 
extrapolated from considerations based upon events as they have so far 
occurred and the probable trend of variation of soil properties with further 
compaction in the oil sands. As noted in the figures giving the results 
obtained from the two sets of ( APxT) data different average curves were 
obtained. Since it is now known that the original (APxT) data were in 
error the curve in Figures 25 and 26 should be ignored. 
USE OF THE AVERAGE CURVE AS A DIRECT CONVERSION FACTOR 
The single valued nature of the results given in Figures 27 and 28 
immediately suggested a method of empirically converting calculations made 
from ( .6PxT) data into predictions of expected subsidence . The use of the 
average curves as obtained for both sets of (APxT) for the years 1947 
through 1951 are shown by the profile curves of Figures 29 through 38. In 
these figures are shown the actual subsidences for each year as compared 
to those calculated from the two sets of (APxT) data. The original (APxT) 
calculations shown there clearly indicate the discrepancy in the results to 
the northwest. 
The conformability of the calculated to actual subsidence is thus seen 
to be remarkably good for both cases. The position of the calculated bowls 
of subsitJ.ence with respect to the coordinate axes depends entirely upon the 
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location of and character of the (APxT) distributions. The fact that the 
calculated bowls coincide so closely w i th the actual bowls leaves little doubt 
but that the reduction of oil pres sure in the oil bearing sands is the maJor 
cause of the subsidence . 
These calculations were made before the presentation to the authors 
of the actual measured subsidence for 1951, the ( .APxT) data of that year 
having been supplied first. Thus the curves of Figures 35 and 36 provided 
the first test of this model as used for predicting future subsidence from a 
known development schedule in the oil field . The proJection into the future 
is, of course, only one year but the check is still remarkably good. Com-
plete contour maps comparing the calculated and measured surface subsi-
dence for 1951 were also determined . They are given in Figures 37 and 38 
for the two sets of ( APxT) data. 
This procedure thus offers, for the present, the best method of 
directly calculating expected moti ons and stresses from a given set of 
( ,6PxT) data. In making all future calculations described in this report 
the following method was therefore employed. Expected bowls of verti cal 
surface motion were first calculated from the (APxT) distribution by the 
method of Appendix II and adjusted by the average curve in Figures 27 and 
28 . Having thus obtained an estimate of the vertical subsidence, the 
necessary tension center distribution required for an accurate direct fit 
of this subsidence was next determined. Thi s tension center distribution 
was then used for all calculations of additional motions and stresses, such 
as the horizontal surface motion and horizontal shear stress. This pro -
cedure is justified by the results of the detailed studies conducted first 
where the accuracy of calculations resulting from the use of a tension center 
distribution that was fitted to the vertical surface subsidences was investi -
gated in considerable detail. 
2 1 
STUDY OF THE EFFECTS OF FUTURE PUMPING SCHEDULES 
Although the validity of the mathematical model is still subject 
to further study and correlation with desired future core sample testing, 
it was considered important to investigate at this time the possible effects 
of certain proposed future pumping schedules. These include the expected 
( APxT) distribution for 1952 which is given in Table IX and two possible 
ultimate distributions which are presented in their original form in Tables 
X and XI. Since the revisions of the ( ~PxT) data only affected values to 
the northwest of the origin, the change had a negligible effect on solutions 
to the southeast where the two proposed ultimates are different. This is 
hi, the region of the stipulated line. It was thus found unnecessary to 
recalculate more than one of the ultimate cases and thus the revised (APxT) 
data for just one of them is given in Table XVI. 
The calculations requested by the Harbor Department for these 
futur.e programs are contained in all of the subsequent figures; figures 
39 through 66. 
VERTICAL SURF ACE MOTION 
Figures 39 through 44 give the vertical surface subsidence as 
calculated for the two proposed ultimates. Calculations for both the original 
and revised ( APxT) distributions are incluped here since they had been 
worked up completely. However, the revised data of Figures 39, 40, 43 
and 44 supercede the original calculations. Referring to these figures it is 
seen that the maximum subsidence is estimated to be about 24 feet. A long 
narrow ridge is developed along the major axis to the southeast in which if 
the pumping extends beyond the stipulated line subsidences of over 20 feet 
may develop as far as 8, 000 feet to the southeast of the origin . Extension 
of the pumping schedule beyond the stipulated line has little effect, however, 
on the maximum expected subsidence. 
HORIZONTAL SURFACE MOTION 
The calculated horizontal surface motions for the two proposed 
ultimate pumping schedules are given in Figures 45 and 46. In this case 
recalculations have not yet been made for the revised ( APxT) distributions . 
However, the results to the southeast of the origin are of most interest 
and they are little affected by the revision. Here the data are presented in 
the form of contour lines with the vector direction of the expected motions 
indicated by arrows. Along the southwest side of the minor axis maximum 
horizontal motions up to 9. 3 feet are to be expected for pumping just to the 
stipulated line and 9. 5 feet for pumping beyond the stipulated line. As the 
22 
n sult o f d evelop i ng the fiel d toward the southeast long na.rrow ridges of 
h igh lat~ral motion together with high rates of change of lateral ~otion 
a. rP t>xpec ted to develop toward the southeast along axes parallel to the 
m.:" or .axi s a nd on both s i des of iL Jt i s realized, of course, that the 
rate of change of horizontal surface· motion is a measure of the severity 
of poss1ble surface stresses which may be developed in such surface 
structures as bridges, pipelines, and rail lines. In this regard there 
i s no significant difference in the results to be expected from the two 
possible ultimate pumping schedules . Both indicate severe condi tions to 
both sides of the minor axis which extend southeast as much as 4000 to 
5000 feet. A severe situation i s indicated to the north~est along the major 
axi s and a somewhat less dangerous situation a.long the major axis in the 
region from 0 to 4000 feet southeast and 11, 000 to 14, 000 feet southeast. 
HORI ZONTAL SHEAR CALCULATIONS 
The subsurface horizontal shear calculations from the year 1950 
through the two ultimate schedules are plotted in contour form in Figures 
47 through 54. The danger of more oil well failures through the develop-
ment of excess i ve shear stresses i n the immediate future is of primary 
concern. It was for this reason that the 1951 and proposed 1952 cases 
were studied to determine expected increases 1n such stress within the 
next year or two. As an aid to i nterpreting the significance of these data 
it was suggested by Mr. Hughes that a plot be made for each case of the 
region :i.n which the calculated shear forces exceed the expected shear 
strength of the earth. Since a single exact value for e i ther the average 
shear modulus of elasticity (G) or the shear resistance of the soil at a 
given depth is not available , it was considered desirable to give ranges 
of values for these two parameters . For (G}, max1mum and minimum 
values of 120, 000 psi and 80 , 000 psi respectively were taken s i nce they 
represent the range indicated by the core sample tests for depths greater 
than 1300 feet (see Figure 21 ). For the shear resistance at each depth 
values were taken from the dashed and solid curves of Fig . 22 as repre-
senting m i n imum and average values r e spectively. Taking all four possible 
combinations of the limiting values at three depths, 1200 , 1500, and 1800 
feet, produces the 12 sets of data o£ Figures 55 through 66 . For the 
ultimate program the most pessimistic case of minimum shear stren gth 
with maxi mum (G) was not io.clutied s i nce the region of danger is so 
broad even by the most conservative estimates. 
EFFECT OF SLIPPAGES THROUGH SHEAR FAILURES 
It is known that in three separate instances . tb.e building up of 
horizontal shear stress has a lready caused shear failures in localized 
regi ons which have resulted i n consi derable dama ge through oil well casing 
failures. It is important to cons i der the effects of these on the actual 
motions and stresses a s compared to the calculations which cannot take 
this factor directly into account. So far the amount of relative motion, 
in each case has been of the order of a few inches to one foot with a total 
23 
maximum accumulated motion at any point of about three feet in the worst 
case. Such slippages have the effect of increasing the vertical surface 
subsidence and decreasing the horizontal surface motions and subsurface 
shear stresses in the immediate vicinity. However, due to the limited 
areas so far involved the integrated effects of this are as yet quite small. 
Thus it is felt that they modify the subsidence motions by a negligible 
amount. The shear stresses in the region of the failures are reduced 
appreciably. 
In Figures 55 through 66 large areas are shown in which shear 
stresses in excess of shear resistance are indicated for the ultimate 
situations. These areas should be greatly modified by additional failures 
which should occur on a larger scale as the oil fields are developed 
toward such ultimates. Thus the danger areas as indicated in these figures 
for the ultimate case are probably appreciably larger than the area where 
failure will actually result. The fact that extensive failures over a more 
limited area will bring this about i s, however, a serious consideration. 
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SHEARING MODULUS OF ELASTICITY OF CORE SAMPLES_ 
(Taken from reports by Prof. Converse) 





































Soil Descri ption 
Siltstone, soft, micaceous 
Shale, not laminated, with streaks of 
fine sand and fossils 
Clay-shale , soft and fractured very 
micaceous 
S1l ts tone, laminated, lenses of 
cohes1onles s fine sand 
Oil-sand, medium to fine grained, 
micaceous 
Soft siltstone 
Soft sandy siltstone 
Soft sandy s iltstone 
Hard siltstone 
Soft sandy siltstone 
Soft siltstone 
Soft very sandy siltstone 
Soft sandy s j ltstone 
Hard siltstone 
Soft siltstone 
Soft sandy siltstone 
M1xture of hard and sandy siltstone 




Soft sandy siltstone 
Hard s:ltstone 
Hard sandy siltstone 
Soft sandy siltstone 
Soft siltstone 
Soft sandy siltstone 
Soft sandy siltstone 
Soft sandy siltstone 
Gin psi. 
120,000 
200 , 000 
110 , 000 
120,000 
120 , 000 
38,000 
ll4,poo 
6 2, 000 
120 ,000 
92 . 000 
20,000 
112 , 000 
110 , 000 





150 . 000 
113 , 000 
43,000 
104, 000 
98 , 000 
113,000 







MAXIMUM SHEARING RESISTANCE OF CORE SAMPLES 
Depth ~f sample Max. Shear Res . 
in feet Soil Description in psi. 
Well X-96 
1535.5 Laminated shale 320 
1536 . 5 Laminated shale 350 
1 637 Silty shale 340 
1779 Shale 300 
1971 Laminated shale 560 
2260 Shale 510 
Well W-12 
1050 Soft siltstone 190 
1560 Soft sandy siltstone 365 
1580 Soft sandy siltstone, sand inclusions 375 
1590 Soft sandy siltstone, sand inclusions 420 
1700 Soft sandy siltstone, sand inclusions 420 
1710 Soft sandy siltstone 370 
1890 Hard siltstone 425 
Well J-22 
890 Soft silts tone 1.60 
1470 Soft sandy siltstone 275 
1485 Soft sandy siltstone, sand inclusions 330 
1500 Soft sandy siltstone 305 
1600 Soft sandy siltstone , sand inclusions 350 
1620 Soft sandy siltstone and hard silts tone mixture 320 
1720 Hard siltstone 240. 
Well W-52 
1040 Soft silts tone 240 
1570 Soft sandy siltstone 365 
1590 Soft sandy siltstone , very sandy 410 
1700 Soft sandy s i lts tone , very sandy 350 
1880 Hard sandy siltstone 4 10 
2090 Hard siltstone 510 
2450 Hard siltstone, fine sand inclusions 650 
2620 Hard siltstone, fine sand inclusions 630 
2740 Hard siltstone 700 
Well A - 37 
865 Soft siltstone 190 
8~0 Soft silts tone 2 10 
1490 Soft s ~ndy silts tone, fine sand inclusions 345 
1610 Soft siltstone 400 
1780 Hard siltstone , fine sand inclusions 320 
Depth of sample 
TABLE III 
(Continued) 
in feet ~oil Descr~ion 
Well A-37 















Hard sandy siltstone, fine sand inclusions 
Hard sandy siltstone, fine sand inclusions 
Hard sandy s iltstone , fine sand inclusions 
Hard siltstone , fine sand inclusions 
Soft siltstone 
Soft sandy siltstone 
Soft sandy siltstone 
Soft sandy siltstone , fine sand inclusions 
Soft sandy silts tone 
Soft sandy siltstone 
Soft sandy siltstone, fine sand inclusions 
Hard sandy siltstone, fine sand inclusions 
Hard sandy siltstone, fine sand inclusions 
9 3 
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The problem proposed in Sechon II of this report is to determine 
the motion and stress condition withi n a semi-infinite , uniform, isotropic 
elastic medium when a tension center or a vertical pincer acts at a 
specified distance below the free surface. 
The coordinates used in the subsequent analysis are shown in 
F ig . A-1. Because of circular symmetry, cylindrical coordinates r and z 
are used. The free surface is taken t o be the plane z = 0, and z is con-
sidered positive below the surface (i .e. inside the elastic medium). The 
motion of any point whose original <...oordinates are r and z is described 
by the horizontal (radial) component and the vertical component, u and w 
respectively. Radial motion is measured positive inward, and vertical 
motion is positive downward . Shear stress in a horizontal plane is de-
noted by the symbol 'Y. The problem of a "tension center" in an infinite 
medium is quite simple and the problem of a "vertical pincer " is of 
moderate complexity. However in both cases the introduction of the free 
boundary seriously complicates the problem. 
THE TENSION CENTER 
The simplest approach to this problem is to consider first an 
i nfinite medium with a tension center at z = +h and to attempt to deter-
m i ne a system of applied forces at the surface z = 0 and in the regia~ 
z < 0 (image forces) which renders the net normal stress a:nd horizontal 
shear stress zero over the surface z = 0 . Since this is the proper 
boundary condition for a free surface, we could imagine the medium cut 
at this point giving in effect a free surface. The secdnd, more difficult 
phase of the problem is to then determine the deflections and stresses 
i n the region z ) 0 due to the original tension center and the added system 
of forces. 
Consider an infinite uniform i sotropic medium with two equal 
tension cente-rs located on the z -axi s at z = ±._ h as shown in Fig. A-2 . By 
symmetry, the .horizontal shear on the boundary z = 0 is zero, but there 
is a normal tension which is twice as great as the normal tension 0"'0 
due to one tension center alone . This normal tension is a function of r 
only. The semi-infinite medium of Fig. A-1 w ould have identical deflection · 
and stress conditions if the normal tension 2 0'"0 were applied at the sur-fac~ z = 0 . Furthermore, the deflections and stresses for the semi-
i n finite :r;nedium (with normal tension 2 CY0 ) could therefore be obtained 
by superposing -the solutions for the two tension centers . To completely 
free the boundary it is necessary now to apply a normal pressure (2CJ"0 ) 
over the surface z = 0 thus giving the stress conditions of a free surface. 
The solution for a normal fore~ a c ting at the free surface of a semi-. 
infinite medium is well known. Nevertheless the motion and stresses 
due tQ the normal pressure distribution can be found from this solution 
only by integration of the solution multiplied by the stress function (2CY0 ) 
over the entire free surface . This can be accomplished using two-
d imensi onal Fourier integrals . These w ere used for one method of 
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derivation. There is however a simpler method which will be given below. 
In any case , deflections and stresses are obtained by superposition {addition) 
of solutions for {1) a tension center at z = +h in an infinite medium, (2) a 
tens i on cente r at z = -h in an infinite medium and (3) a surface distribution 
of normal pressure (2 ~) on the free surface (z = 0) of a semi-infinite 
mediwn. 
The solution for a tension center in an infinite medium, with 
ori gin at the tension center is:5 
(1) v = - c l 2G RT 
where v i s the radial displacement at a distance R from the origin, G is 
the shear modulus of the medium and C is a constant proportional to the 
"strength" of the tension center. If a is the radius of the tension center 
and ( t i ) the tension at its surface, then C = i tia3. If the tension center is 
located on the z-axis at z = +h, then the radial and vertical components of 
defle ction are seen in Fig. A -1 to be: 
(2a) Wl = -v COS a = + _f__ (h - z) . 
2G [rz + (h - z)2] 3/2 
(2b) u 1 = -v sin a = + 2~ [rZ+(h-z)2] 3/2 r 
The shear stress can be most readily calculated from the relation: 
The normal tens ion on the plane z = 0 is: 
(2d) CT. - c r--=:-3_h_2--::---::--r::-- - l J 0
- l(r2 + h2) 5/2 (r2 + h2) 3/2 J 
Similar results are obtained for a tension c enter at z = -h by substituting 




w2 = - 2~ 
U2 = + ~ 2G 
'~2 = + · 3C r (h + z) 
r 
Terezawa has obtained a general solution for the motion and stress 
conditions i n a semi-infinite medium under the action of a normal pressure 
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distribution which is symmetrical. 6 This general solution is frequently 
unusable because of difficulty in evaluating the integrals. However, for 
the symmetrical distribution (2 tr0 ) it is possible to evaluate all the 
necessary integrals, and thus obtain a solution more easily than by use 
of the method mentioned earlier. Those portions of the solution which 
are of interest here are: 
(4a} w = - ~G l 00Z{k) e -kz J 0 (kr) dk - (l (:/~) [z(k) e -kz J 0 (kr)d; 
0 0 
( 4b) u = + ~ J.';.(k) e -kz J1 (kr) dk - (1 - 2V) f~(k) e -kz J 1 (kr) dk 
2G 0 2G 0 k 
where 
• 
(5) Z(k) = - k f. 2r <T'0 (r) J 0 (kr} dr 
To evaluate the integrals in (4) and (5), two well known definite 
integrals are useful: 
(6) fo(kr) (hr: r2) 3/2 dr = .-kh 
(n - m)! 
The normal pressure 0"'0 (r} was given in equ. 2: 
so that equation ( 5) becomes 
00 
( 8) z ( k) = 2 C kf [----=----=r~-=3-;=z­~rz + h2) 
0 
Differentiation of {6) with respect to h yields 
Thus 
( 10) Z(k) = -2Ck2 e -kh 
dr = - ke-kh 
If this value of Z(k) is inserted in equation (4), all integrals can be evaluated 
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using equation ( 7) . The final results are: 
(lla) w3 = _f._ r 3z (h + z) 2 
G lfr2 + (h + z)2] 5/2 
(llb) 
( 11 c) 
[z- 2(1-'11) (h + z}] J 
[r2 + (h + z) 2 J 3 2 J 
(1 - 2V ) r } 
[r2 + (h + z) 2] 3/2 
Combining equation (2), (3), and (11) the final solution of the 
problem is: 
( 12a) w = WI+ w2 + W3 = ~J (h - z) ·+ (3 .. 411)(h + z) -2z 
2 G {t......,r 2.,......,...+ -:-( h--....L.~-:-z~]---,3"/.,.,.2,-- [ r2 + ( h + z) 2] 3/2. 
+ 6z (h + z) 2 
[r2 + (h + z)2 J 5/2 } 
(12b) u = u1 + u2 + u3 = +C f::-.,.--+~r--~-=--... (3 - 411)r 
2G (r2+(h-z)Z] 3/2 +[r2+(h+ .z)2j3/2 
__ 6z __ r~(_h_+ __ z~)----~--} 
(r2 + (h + z) ~ J 5/2 
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r (h + 3z) 
[r2 + (h + z) 2j3/2 
+ 10 rz (h + z) 2 } 
[r2 + (h + z)2] 7/2 
THE VERTICAL PINCER 
The coordinates used in the solution of this problem are the same as 
for the tension center. The model to be used is again a semi-infinite medium 
with free surface at z = 0. The force system consists of a pair of equal and 
opposite force~ F acting along the z axis. One of these located at z = +h acts 
in the positive z direction, the other at z = h+Az acts in the negative direction. 
For mathematical convenience it is desirable to let Az--+ 0 but at the same 
time keep the product FAz finite and constant. At any appreciable distance 
from the points of force application, this solution will be indistinguishable 
from that for finite (but small) Az. As in other problems involving discrete 
forces, the solution should give rise to physically impossible results near 
the point z = +h, but if such a solution is integrated over a region to give 
the effect of a pressure distribution, then the discrepancies disappear and 
a valid solution results . Suppose the desired vertical motion is given by w, 
and the vertical motion due to a unit force at z = +h is w1. Then, 
(13) w =Lim F ( w1(h) - w1(h +A z)] 
Az___.o 
=Lim (FAz) (wl(h) - wl(h + Az) 
Az ~ 0 A z 
where M is the constant value of F/lz. Thus the solution for a "pincers" 
can be obtained by differentiation of the solution for a unit force acting 
along the z-axis . The solution for a single force can be obtained in the 
same manner as for a tension center. In principle , the method of solution 
is identical, but in detail it is somewhat more difficult. 
If a force F1 acts in the positive direction at z = +hand an equal 
force F2 acts in the negative direction at z = -h, by symmetry the hori-
zontal shear at z = 0 is zero, but again there is a normal tension 20'i, 
where 0'"1 is the normal tension due to one force alone. The bound&Ty 
z = 0 is again freed by application of a normal pressure (2 O"i) at z = 0. 
The final solution is a superposition of solutions for (1) a positive force 
F1 acting along the z axis at z = +h in an infinite medium, (2) a negative 
force F2 acting along the z axis at z = -h in an infinite medium, and (3) 
a surface distribution of normal pressure (20'i) acting on the free sur-
face z = 0 of a semi-infinite medium. 
The solution for a single force in an infinite medium (where the 




( 14d) O'i_ = + B {( 1 - 2 V ) __ ....:h:.:..__--:-_ + 
[r2 + h2] 3/2 
where B = p 
87T(l-V) 
3r (h - z)2 } 
[r2 + (h - z)2] 5/2 
For a force at z = -h, r = 0 acting in the negative direction, the solution is 
obtained from Eqn. ( 14) by substituting ( -P) for (P) and (-h) for (h) 
( 15a) = - B { _.....;;4'""'( 1~-V__._) ---:---
2G fr2 + (h + z)2J l/2 
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(15b) ur2 = + Jb { r (h+z) } 
[r2 + (h+z)~J 3/2 
(15c) 1'2 = +B{ (1-2V) r + 3 r(h+z)2 } 
[r2 + (h+z)2] 3/2 [r2 + (h+z)2] 5/2 
Terezawa 's solution is again used, with 
+ 
Equation (5) becomes 
Z(k) = -k f.~ rB { (1-ZV) h 
which can be evaluated using equations (6) and (9): 
(16) Z(k) = -2kB [ 2(1-V) + kh) e-kh 
The integrals in equation ( 4) can be evaluated using equation ( 7) except for 
the integral: 
co I e -k(h+z) Jl(kr) dk 
0 
This can be evaluated by integration by parts, with the result 
., 
( 17) l e -k(h+z) h(kr) dk = ------r~----------
0 [r2 + (h+z)2J l/2{(h+z) + [r2 + (h+z)2] 1/2} 
If this is used with equation ( 7) to evaluate the integrals in Eqn. (4) , the 
results are: 
1'3 = -2Bzf15rh (h+z) 2 . [t-2 + (h+z)2]7f2 
+ 2(1-V)rz - (1-2 V )hr 
[r2 + (h+z)2] 3/2 
+ 3(1-2 V) r(h+z~ } 
[r2 + (h+z)2] 5 2 
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where B = p 8::::-7r'~( 1~-..,..,11""") 
The total solution, too long to reproduce here is 
(19a) w0 ~ w1+wz.+w3 
(19b) u0 =~l+uz.+'ll3: 
( 19c) "io = 1i + 7'z. + 'T3 
The final result for a double force or vertical pincer is obtained by differ-




u = - M a Uo • e~c. 
T ah 
{2la) w = + M . + 2 (1-V) (h-z) . {
- 2./_2 r2 (h -z) 
(2lb) u = -
81TG(l -11) [r2 + (h-z)2] 3/2 fr2 + (h-z)2] 5/2 
- 2(1 -v) {h+z) 
(r2 + (h+z)2) 3/2 
- 4v(l-v){h+z) - 2z 
[r2 + (h+z)2] 3/2 
+ 15 zh(h+z)3 ] 
[r2 + (h+z)2] 7/2 
s::C(l -v) { r 
+ r 
[r2 + (h+z)Z J 3/2 
(l-2'\1)2 r 
(r2 + (h+z)2 J 3/2 
+ 3/2 r2 {h+z) 
[r2 + {h+z) 2] 5/2 
- 3z(~h+z)(h+z) - 6(1-v)(h+z) 3 
[r2 + (h+z)2 J 5/2 
- 3r (h-z) 2 
[r2 + (h-z)2] 5/2 
3r (h+z)2 
_ 3 r [ (l-2V)(h2 - z2) + hz] 
[r2 + (h + z) 2] 5/2 
+ 15 r z h (h + z) 2 } 
[r2 + (h + z) 2] 7/2 
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(2lc) ;' = + M [+ 3(1+21.1) r (h•z) - 15r (h-z)3 
871'(1-V) [r2 + (h-z)2] 5}2 [r2 + (h-~)2] 7/2 
- 3 (1 + 2V) r {h+z) 
[r2 + (h+z) 2] 5/2 
+ 15r (h+z)3 
[r2 + (h+z) 2] 7/2 
+ 30 [ 3rzh (h+z) - (1-2V) rz(h+z)2] 
[r2 + (h+l')2J 7/2 
+ 6(1-2"\1) r z - 210 rzh (h+z)3 





...-- DISTURBANCE FORCE 
z 





FIG.A-2 TENSION CENTER AND ITS IMAGE 
IN AN INFINITE ELASTIC MEDIUM. 
.. 
APPENDIX II 
CALCULATION OF VERTICAL SUBSIDENCE 
If a medium is perfectly elastic, the effect of a number of forces 
can be found by addition of the separate effects. When the forces are 
uniformly distributed over a surface this addition is best accomplished 
by an integr~tion. For calculation of vertical motion, the function to be 
integrated is the product of a subsidence function (w0 ). multiplied by the 
.. disturbance force" function. The subsidence function gives the subsi-
dence at the point in question due to a unit disturbance at a general point. 
The • 'disturbance force'' function is evaluated at this same general point, 
and the integration is carried out by allowing the point to cover the entire 
surface. 
This can be expressed concisely if we use the following notation. 
Let the point at which subsidence is to be determined be described by the 
coordinates (x0 , y 0 ). and let the general point be denoted by coordinates (x1, Yl). The strength of the .. disturbance force" per unit area is a 
. function of (x1, n) only and can be written F(xl• y 1). The vertical sub-
sidence at (x0 , y ) due to a unit force at (xl, y 1) is a function only of the 
horizol)tal distan°ce between the two points , the .depth of the disturbance 
force '(zl), and the vertical coordinate (z0 ) of the point (x0 , y , z 0 ). This 
can be written· 0 
For a given integration, Zl and z 0 are generally fixed , so that the simpler 
notation 
will be used. The total subsidence can be written: 
w (xo• Yo) = fwo ( )(xl- xo)2 + (Yl - Yo)2) F(xl, Yl) dA(xl• Yl) 
Such an integral cannot be evaluated analytically because of the empirical 
nature of the function (A P x T). It is therefore necessary to resort to 
numerical integration for an approximation to the integral. The deflection 
is then found by evaluating the double summation: 
N M 
w(xo , Yo) =I, !. Wo ( /(xi- xo) 2 + (Yi - Yo) 2) F(xi• Yj) AAij 
i = 1 j= 1 
Similar equations are used for horizontal motion and horizontal shear 
stress, except that the contribution from each ~oint (xi• yj) must first be 
resolved into components parallel to the coord1nate axes, and each set of 
components summed separately. These sums are then combined to give 
the total motion or stress. 
115 
It was found that surface motion could be calculated with sa tis-
factory accuracy if the points (xi, Yj) ' •Xtere zaced 2000 it. apart and the 
areas A A(xi, Yj) thus taken to be 4 x 106 ft. in extent. However sub-
surface motion and shear stress all required spacing of about 500 ft. in 
order to obtain acceptable ac.curacy. Since the oil-bearing sands extend 
30,000 ft . and 10,000 feet along the major and minor axes respectively, 
each integration required the sum ma -!..ion. of rn.any hundreds of products, 
and it was necessary that this be ttarri ed out at all points in the field. 
It was immediately apparent that such an ambitious schedul e of calcu-
lation requi rerl the application o f some type o f d i gital computer in an 
elaborate c omputing program. It then became possible to carry out a 
calculation of surface subsi dence over the entire field in less than a day 
while a horizontal motion or ·shear stress survey could be accomplished 
1n 2 or 3 days. 
It has been suggested that the strength of the "force model" 
(that is tension center or vertical p incPr) depe nds primarily upon the 
pressure drop within the oil bearing sands and upon t he thickness of the 
oil bearing sands. As has been d iscussed in the text, the strength should 
not be taken proportional to the product of pressure drop and sand thickness , 
but should possibly be modified in a manner dependent upon the compaction. 
For the general study to correlate the time historie of pumping schedule 
and the development of the subsidence bowl however this complication was 
omitted. It was considered that the s trength of the stress center depends 
directly on the product of pressure drop and sand thickness. Symbolically 
this will be represented by APxT. The actual quantity used in the sub-
sidence equations depends upon whether one is using tension centers or 
vertical pincers. However this quanti ty is proportional to .APxT. The 
constant of proportionality can be readily evaluated for the vertical pincer 
model. The subsidence formulas for this model involved a "disturbance 
force" M = FAh. The quantity (Ah) i s clearly analagous to the sand 
thick..Tl.ess (T) and the force (F) to the pressure drop (AP) multiplied by 
the area associated with the point in question. Thus in the subsidence 
equations , M should be set equal to t..~e following function: 
M = Fbh = (APxT)(AAij) 
and for e xample the vertical surfa c e motion i s obtained using Eqn. 21 of 
Appendi x I and evaluating the summation: 
ff "' 
w(xo Yo) = 5 2 2 !. (APxThj 
87TGh 
i = l j -= 1 A A i j f [-(r-~~)-~-1 ]--,3c-r./2=-
-}J} 
where 
rij = J(xi - xo) 2 + (yi -Yo)[ 
Similar equations hold for other displacements and the shear stress. 
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For the tension center a somewhat more elaborate argument is 
required. The subsidence equations c ontain a ' 'force' ' constant C which 
depends upon the size of the tens ion c e nte r and the magnitude of the tension: 
where (a} i'$ the radius and (ti) the tension stress. The simplest conversion 
to a rectangular parallelopiped (of surface area AAij and thickness T) 
involves competely filling the volume with t ension centers of various sizes 
and summing the effects of these . The result is the conversion 
C = 1/2 a3ti = L (APxT)(AAij) 
8'1r 
This result holds even if several strata are involved, provided they are 
sufficiently close together so that their effect can be approximated by a 
"disturbance force" at one depth. Using equation 12 of Appendix I , the 
vertical subsidence for this model now can be written: 
H M 
W(x Y) - 9 ~ '( A PxT) -. AA. . l o • o - ---'----::- L 1- 1 J lJ -------=--r--
16116 h2 i=l j = l [(r~j)2 + 1]3/2 
and again similar formulas hold for the o t her quantities of interest. 
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